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1. Introduction and main results
A function is said to be arithmetic if it is deﬁned on the positive integers. Furthermore, those
arithmetic functions which are real-valued and satisfy
f (ab) = f (a) + f (b)
for every pair of integers with (a,b) = 1 are called additive functions. In Chapter 7 of his monograph
Arithmetic Functions and Integer Products, Elliott [1] studied the distribution of additive functions on
arithmetic progressions with large moduli.
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E(y,k, r) =
∑
ny
n≡d (mod c)
n≡r (mod k)
f (n)
nσ
(
1− n
y
)
− 1
ϕ(k)
∑
ny
n≡d (mod c)
(n,k)=1
f (n)
nσ
(
1− n
y
)
.
In what follows σ , c and d will be regarded as ﬁxed, y, r and k as moving. Then Elliott [1] gave the
following two results (see Theorems 7.1 and 7.2 in [1]).
Theorem A. Let 12 < σ < 1. Then
∑
log x<pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
log x
+ (Q 32 + x 56−σ )Q 52−2σ (log Q )5)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
Theorem B. Let 12 < σ < 1, θ = (3− 2σ)/(2σ + 1). Then
∑
pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
(log x)θ
+ (Q 32 + x 56−σ )Q 52−2σ (log Q )5)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
Let d, r be integers; c a positive integer; p a prime; and σ , y positive real numbers. Further deﬁne
F (y, p, r) =
∑
ny
n≡d (mod c)
n≡r (mod p)
n ≡r (mod p2)
f (n)
nσ
(
1− n
y
)
− 1
p
∑
ny
n≡d (mod c)
(n,p)=1
f (n)
nσ
(
1− n
y
)
.
Then Elliott also established the following two results (see Theorems 7.3 and 7.4 in [1]).
Theorem C. Let 12 < σ < 1 and
δ < min
(
1− σ
4− 2σ ,
1
15− 12σ
)
.
Then
∑
log x<pxδ
(p,c)=1
p max
(r,p)=1
max
yx
∣∣F (y, p, r)∣∣2  x2(1−σ) log log x
log x
∑
qx
| f (q)|2
q
holds for all additive functions f (n), for all x 2.
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δ < min
(
1− σ
4− 2σ ,
1
15− 12σ
)
.
Then
∑
pxδ
(p,c)=1
p max
(r,p)=1
max
yx
∣∣F (y, p, r)∣∣2  x2(1−σ)
(log x)1/4
∑
qx
| f (q)|2
q
holds for all additive functions f (n), for all x 2.
In the end of Chapter 7 in [1], Elliott also wanted to establish a result such that
∑
log x<pxδ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  x1−σ
log x
∑
qx
| f (q)|2
qσ
(1.1)
with δ as large as possible. In this direction, he showed that from Theorem A the following result
holds.
Theorem E. (1.1) holds with
δ < min
(
1− σ
4− 2σ ,
1
15− 12σ
)
,
1
2
< σ < 1.
In particular when σ = (25− √97)/24, δ < (√97− 5)/36 = 0.13469 . . . .
In this paper we want to improve on these results.
Corresponding to Theorem A, we have the following results.
Theorem 1.1. Let 12 < σ < 1. Then
∑
log x<pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
log x
+ (Q 32 + x 45−σ )Q 52−2σ (log Q )c)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
Theorem 1.2. Let 1120 < σ < 1. Then
∑
log x<pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
log x
+ Q 4−2σ (log Q )c
)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
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Theorem 1.3. Let 12 < σ < 1, θ = (3− 2σ)/(2σ + 1). Then
∑
pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
(log x)θ
+ (Q 32 + x 45−σ )Q 52−2σ (log Q )c)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
Theorem 1.4. Let 1120 < σ < 1, θ = (3− 2σ)/(2σ + 1). Then
∑
pQ
(p,c)=1
(p − 1) max
(r,p)=1
max
yx
∣∣E(y, p, r)∣∣2  ( x1−σ
(log x)θ
+ Q 4−2σ (log Q )c
)∑
qx
| f (q)|2
qσ
holds uniformly for all additive functions f (n), for all x 2 and Q  1. Here p runs through prime numbers,
and q through prime powers.
Corresponding to Theorem C, we have the following result.
Theorem 1.5. Let 12 < σ < 1 and
δ < min
(
1− σ
4− 2σ ,
2
25− 20σ
)
.
Then
∑
log x<pxδ
(p,c)=1
p max
(r,p)=1
max
yx
∣∣F (y, p, r)∣∣2  x2(1−σ) log log x
log x
∑
qx
| f (q)|2
q
holds for all additive functions f (n), for all x 2.
Corresponding to Theorem D, we have the following result.
Theorem 1.6. Let 12 < σ < 1 and
δ < min
(
1− σ
4− 2σ ,
2
25− 20σ
)
.
Then
∑
pxδ
(p,c)=1
p max
(r,p)=1
max
yx
∣∣F (y, p, r)∣∣2  x2(1−σ)
(log x)1/4
∑
qx
| f (q)|2
q
holds for all additive functions f (n), for all x 2.
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Theorem 1.7. (1.1) holds with
δ < min
(
1− σ
4− 2σ ,
2
25− 20σ
)
,
1
2
< σ < 1.
In particular when σ = (41− √321)/40, δ < 4/(√321+ 9) = 0.148608 . . . .
Corresponding to Theorem E, our Theorem 1.2 gives the following result.
Theorem 1.8. (1.1) holds with
δ <
1− σ
4− 2σ ,
11
20
< σ < 1.
In particular when σ = 1120 , δ < 9/58 = 0.155172 . . . .
2. Proof of theorems
Let Λ(n) denote the von Mangoldt function and χ(n) Dirichlet characters. For real number y > 0,
we deﬁne
ψ(y,χ) =
∑
y/2<ny
χ(n)Λ(n). (2.1)
Theorems A–E in the book of Elliott [1] are based on the following result concerned with ψ(y,χ).
Lemma 2.1. Let ψ(y,χ) be deﬁned as (2.1). Then
∑
dQ
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ (x+ x 12 Q 2D + x 56 Q D 12 )Lc .
holds uniformly for all integers D  1 and real numbers x 2, Q  1.
Proof. See Lemma 6.7 in [1]. 
However the recent developments in Waring–Goldbach problems enable us to show the following
two results, which will be proved in Sections 3 and 4, respectively.
Lemma 2.2. Let ψ(y,χ) be deﬁned as (2.1). Then
∑
dQ
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ (x+ x 12 Q 2D + x 45 Q D 12 )Lc .
holds uniformly for all integers D  1 and real numbers x 2, Q  1.
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∑
dQ
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ (x+ x 1120 Q 2D)Lc .
holds uniformly for all integers D  1 and real numbers x 2, Q  1.
Proof of our results. Theorems 1.1–1.8 can be established by following closely the method of Elliott,
which can be found in Chapter 7 of Elliott [1]. Therefore in order to avoid repetition we will not
give the detailed proof. The only difference is that we use our Lemmas 2.2 and 2.3 to replace his
Lemma 2.1 in the process of proof. This results in the corresponding improvements. 
3. Proof of Lemma 2.2
Let
X
2
5 < Y  X
and M1, . . . ,M10 be positive real numbers such that
Y  M1 · · ·M10 < X and 2M6, . . . ,2M10  X 15 . (3.1)
For j = 1, . . . ,10 deﬁne
a j(m) =
{ logm, if j = 1,
1, if j = 2, . . . ,5,
μ(m), if j = 6, . . . ,10,
(3.2)
where μ(n) is the Möbius function. Then we deﬁne the functions
f j(s,χ) =
∑
m∼M j
a j(m)χ(m)
ms
and
F (s,χ) = f1(s,χ) · · · f10(s,χ), (3.3)
where χ is a Dirichlet character, s a complex variable.
Lemma 3.1. Let F (s,χ) be as in (3.3), and A  1 arbitrary. Then for any 1 R  X2A and 0 < T  X A,
∑
r∼R
d|r
∑
χ mod r
∗
T∫
−T
∣∣∣∣F
(
1
2
+ it,χ
)∣∣∣∣dt 
{
R2
d
T + R
d1/2
T
1
2 X
3
10 + X 12
}
logc X, (3.4)
where c > 0 is an absolute constant independent of A, but the constant implied in  depends on A.
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that in general the exponent 3/10 to X in the second term on the right-hand side is the best possible
on considering the lack of sixth power mean value of Dirichlet L-functions. 
Now we complete the proof of Lemma 2.2.
Proof of Lemma 2.2. In (3.1), we take
Y = x 25 , X = x.
Deﬁne a j(m), f j(s,χ) and F (s,χ) as in Section 2. To go further, we ﬁrst recall Heath–Brown’s iden-
tity [2], which states that for any n < 2zk with z 1 and k 1,
Λ(n) =
k∑
j=1
(−1) j−1
(
k
j
)∑
· · ·
∑
n1n2···n2 j=n
n j+1···n2 jz
(logn1)μ(n j+1) · · ·μ(n2 j).
Then for
2Y = 2x 25 < y  X = x,
ψ(y,χ) is a linear combination of O (L10) terms, each of which is of the form
S(M) :=
∑
· · ·
∑
m1∼M1, ..., m10∼M10
y/2<m1···m10y
a1(m1)χ(m1) · · ·a10(m10)χ(m10),
where M denotes the vector (M1,M2, . . . ,M10) with M j as in (3.1). Obviously some of the intervals
(M j,2M j] may contain only the integer 1. By using Perron’s summation formula with T = y (see
Proposition 5.5 in [3]), and then shifting the contour to the left, we have
S(M) = 1
2π i
1+1/L+iy∫
1+1/L−iy
F (s,χ)
ys − (y/2)s
s
ds + O (L2)
= 1
2π i
{ 1/2−iy∫
1+1/L−iy
+
1/2+iy∫
1/2−iy
+
1+1/L+iy∫
1/2+iy
}
+ O (L2).
On using the trivial estimate
F (σ ± iy,χ)  ∣∣ f1(σ ± iy,χ)∣∣ · · · ∣∣ f10(σ ± iy,χ)∣∣ (M1−σ1 L)M1−σ2 · · ·M1−σ10  x1−σ L,
the integral on the two horizontal segments above can be estimated as
 max
1/2σ1+1/L
∣∣F (σ ± iy,χ)∣∣ yσ
y
 max
1/2σ1+1/L
x1−σ L y
σ
y
 x 12 y− 12 L  x 310 L.
Then we have
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2π
y∫
−y
F
(
1
2
+ it,χ
)
y
1
2+it − (y/2) 12+it
1
2 + it
dt + O (x 310 L)
 y 12
y∫
−y
∣∣∣∣F
(
1
2
+ it,χ
)∣∣∣∣ dt|t| + 1 + O
(
x
3
10 L
)
.
Noting that F (s,χ) does not depend on y, we have
max
2Y<yx
∣∣ψ(y,χ)∣∣ L10x 12
x∫
−x
∣∣∣∣F
(
1
2
+ it,χ
)∣∣∣∣ dt|t| + 1 + O
(
x
3
10 L11
)
. (3.5)
On the other hand we have
max
y2Y
∣∣ψ(y,χ)∣∣ Y . (3.6)
From (3.5) and (3.6), we have
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ ∑
dQ
∑
χ (mod Dd)
∗
max
2Y<yx
∣∣ψ(y,χ)∣∣+ ∑
dQ
∑
χ (mod Dd)
∗
max
y2Y
∣∣ψ(y,χ)∣∣
 L10x 12
∑
dQ
∑
χ (mod Dd)
∗
x∫
−x
∣∣∣∣F
(
1
2
+ it,χ
)∣∣∣∣ dt|t| + 1 + Q 2Dx 25 .
Further let q = Dd and then we obtain
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣
 L12x 12 max
0<Tx
max
1RQ D
1
T + 1
∑
q∼R
D|q
∑
χ (mod q)
∗
2T∫
T
∣∣∣∣F
(
1
2
+ it,χ
)∣∣∣∣dt + Q 2Dx 25 .
From Lemma 3.1, we have
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ Lcx 12 max
0<Tx
max
1RQ D
1
T + 1
{
R2
D
T + R
D
1
2
T
1
2 x
3
10 + x 12
}
+ Q 2Dx 25
 Lcx 12
{
(Q D)2
D
+ Q D
D
1
2
(T + 1)− 12 x 310 + x 12 (T + 1)−1
}
+ Q 2Dx 25
 {x+ x 12 Q 2D + x 45 Q D 12 }Lc .
This completes the proof of Lemma 2.2. 
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Firstly we recall one result of Choi and Kumchev [6] about mean value of Dirichlet polynomials.
Let m 1, r  1, and Q  r. Let H(m, r, Q ) denote the set of character χ = ξψ modulo mq, where ξ
is a character modulo m and ψ is a primitive character modulo q with r  q Q , r|q and (q,m) = 1.
Then the result of Choi and Kumchev states as follows.
Lemma 4.1. Let m  1, r  1, Q  r, T  2, N  2, and H(m, r, Q ) be a set of characters as described as
above. Then
∑
χ∈H(m,r,Q )
T∫
−T
∣∣∣∣ ∑
N<n2N
Λ(n)χ(n)n−it
∣∣∣∣dt  (N + HN 1120 )Lc,
where c is an absolute constant, H =mr−1Q 2T and L = log HN.
Now we complete the proof of Lemma 2.3.
Proof of Lemma 2.3. Let Y = x 12 and X = x. We deﬁne
F (s,χ) =
∑
Y<nX
Λ(n)χ(n)n−s.
If y satisﬁes
Y < y  X, (4.1)
we apply Perron’s summation formula with T = y (see Proposition 5.5 in [3]), and then obtain
ψ(y,χ) = 1
2π i
b+iy∫
b−iy
F (s,χ)
ys − (y/2)s
s
ds + O (xy−1L2)
= 1
2π i
b+iy∫
b−iy
F (s,χ)
ys − (y/2)s
s
ds + O (x 12 L2),
where 0 < b < L−1. If we let b → 0, we have
ψ(y,χ) 
y∫
−y
F (it,χ)
1
|t| + 1 dt + O
(
xy−1L2
)
.
Noting that F (s,χ) does not depend on y, we have
max
Y<yx
∣∣ψ(y,χ)∣∣
x∫
−x
∣∣F (it,χ)∣∣ dt|t| + 1 + O
(
x
1
2 L2
)
. (4.2)
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max
y2Y
∣∣ψ(y,χ)∣∣ Y = x 12 . (4.3)
From (4.2) and (4.3), we have
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ ∑
dQ
∑
χ (mod Dd)
∗
max
Y<yx
∣∣ψ(y,χ)∣∣+ ∑
dQ
∑
χ (mod Dd)
∗
max
y2Y
∣∣ψ(y,χ)∣∣

∑
dQ
∑
χ (mod Dd)
∗
x∫
−x
∣∣F (it,χ)∣∣ dt|t| + 1 + Q 2Dx 12 L2.
Further let q = Dd and then we obtain
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ max
0<Tx
max
1RQ D
1
T + 1
∑
q∼R
D|q
∑
χ (mod q)
∗
2T∫
T
∣∣F (it,χ)∣∣dt + Q 2Dx 12 L2.
Lemma 4.1 with m = 1 gives that
∑
q∼R
D|q
∑
χ (mod q)
∗
2T∫
T
∣∣F (it,χ)∣∣dt  (x+ R2T
D
x
11
20
)
Lc . (4.4)
From (4.4), we have
∑
dD
∑
χ (mod Dd)
∗
max
yx
∣∣ψ(y,χ)∣∣ max
0<Tx
max
1RQ D
1
T + 1
{
x+ R
2T
D
x
11
20
}
Lc + Q 2Dx 12 L2
 Lc
{
(Q D)2
D
x
11
20 + x(T + 1)−1
}
+ Q 2Dx 12 L2
 {x+ x 1120 Q 2D}Lc .
This completes the proof of Lemma 2.3. 
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